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■ Abstract 
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The Newton equation describing the particle motion in constant external field 
force on canonical, Lie-algebraic and quadratic space-time is investigated. We show 
that for canonical deformation of space-time the dynamical effects are absent, while 
in the case of Lie-algebraic noncommutativity, when spatial coordinates commute 
to the time variable, the additional acceleration of particle is generated. We also 
indicate, that in the case of spatial coordinates commuting in Lie-algebraic way, 
as well as for quadratic deformation, there appear additional velocity and position- 
dependent forces. 
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1 Introduction 



Due to several theoretical arguments (see e.g. p]-[l|) the interest in studying of space- 
time noncommutativity is growing rapidly. There appeared a lot of papers dealing with 
noncommutative classical ([5]-[ll]) and quantum ([l5]-[22]) mechanics, as well as with 
field theoretical models (see e.g. [23]-p3j), defined on quantum space-time. 

At present, in accordance with the Hopf- algebraic classification of all deformations of 
relativistic and nonrelativistic symmetries [31], [35], one can distinguish three kinds of 
space-time noncommutativity: 



1) Canonical (soft) deformation 

[ J'V ] i@fJ.lS 1 (1) 

with tensor 9^ u being constant and antisymmetric (9^ u = —9 Ufl ). The explicit form of 
corresponding Poincare Hopf algebra has been provided in [3S], while its nonrelativistic 
counterpart has been proposed in [37J. 



2) Lie-algebraic case 

[ Xfj,, x v ] = i9^ u Xp , (2) 

with particularly chosen constant coefficients 9 P . This kind of space-time modification 
is represented by n- Poincare [38], [39] and K-Galilei [10] Hopf algebras. Besides, the 
Lie-algebraic twist deformations of relativistic and nonrelativistic symmetries have been 
provided in [H], g2] and [370. 

3) Quadratic deformation 

[ x u ] = i@\°i V x p x T 1 (3) 

with constant coefficients 9 P J V . Its Hopf- algebraic realization was proposed in [H], [H] in 
the case of relativistic symmetry, and in [15], for its nonrelativistic counterpart. 

In this article we investigate the impact of the mentioned above nonrelativistic defor- 
mations (with commuting time directionjf] on dynamics of simplest classical system - the 
nonrelativistic particle moving in a field of constant force. We indicate that in the case of 
soft deformation the Newton equation is not modified, while for the Lie-algebraic noncom- 
mutativity we recover two interesting dynamical effects. First of them corresponds to the 
case, when commutator of two spatial directions closes to time coordinate, and then, such 
a kind of noncommutativity additionally produces the acceleration of moving particle. For 
the second type of Lie-algebraic deformation, when the commutator of spatial directions 
closes to space coordinates, there are generated velocity and position-dependent forces, 
i.e. forces, which depend on velocity (x) and position (x) of moving particle, respective!^. 



1 There also exist so-called fuzzy space noncommutativity |43j . However, in this article such a type of 
deformation will be not under consideration. 

2 We consider only spatial deformations, i.e. time plays a role of parameter. 

3 In the case of "position force" one can recognize well-known inverted oscillator force (see e.g. [46]). 
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In the case of quadratic deformation the situation appears most complicated. Similarly 
to the Lie-algebraic case, this type of noncommutativity generates new velocity as well as 
position-dependent forces, but this time, with an explicit time-dependence. In this paper 
the analytic form of the corresponding solutions is presented and analyzed in detail. 

The paper is organized as follows. In first Section we review some known facts con- 
cerning the classical mechanics on canonically deformed quantum space (see e.g [5]). We 
indicate that in such a case the Newton equation for particle moving in a constant force 
remains unchanged. In Section 2 we analyze two cases of Lie-algebraic deformations, and 
we provide the corresponding phase spaces as well as we solve suitable Newton equations. 
Section 3 deals with the quadratic deformation of classical space. The corresponding New- 
ton equation is provided and its solution is studied as well. The results are summarized 
and discussed in the last Section. 



2 Canonical noncommutativity 

Let us start with a set of variables ( a with a = 1, 2, ... , 2n. For arbitrary two functions 
F(C a ) and G(( a ) we define Poisson bracket as follows ([47J; for application to noncommu- 
tative space-time see [9]) 

{^ G } = iCX b } WW - (4) 

In terms of the above structure and given Hamiltonian H = H(( a ) one can write the 
equations of motion as 

C = {C,H}. (5) 
In general case (for any function F depending on Q a ) we have 

F = {F,H}. (6) 

Below, we will consider the phase space given by C a = (xi,pi) with i — 1,2, 3. 
Let us start with canonical type of noncommutativity 

{ %ii %j } @ij ; (7) 

supplemented by 

{ Pi, Pj } = , { xt,pj } = Sij . (8) 

The relations (j7j) and (jSJ) define the symplectic structure for the soft deformation of 
classical (commutative) space, which was studied in [2]- [7]. 
In accordance with (jSJ) for the Hamiltonian 

H(p,x) = ?- + V(x), (9) 
2m 

we get the following equations of motion 

n 9V Pi . 3V 

Xi = ik a 1 , Pi = -7^— • (10) 

UXu m OX; 
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They lead to the corresponding Newton equation (see e.g. [3J) 

= md ik ^- (^-] ~w- = m9 ik d V xi - , (11) 
at \ox k I oxi ox k oxi ox 1 



which for potential 



dV 



i=l 



remains not deformed 



dV 

mxi = -— = Fi . (13) 

OXi 



Hence, we see that the canonical space-time deformation (j7]) does not provide any dy- 
namical effects for particle moving in the potential ffl2l) corresponding to constant force. 



3 Lie-algebraic noncommutativity 

3.1 Space coordinates commuting to time 

Let us consider the Lie-algebraic deformation of space with two spatial directions com- 
muting to time in the following way 

{ x h xj } = -t(S ip 5 jT - 5 iT 5 jp ) , (14) 

where k is the mass-like deformation parameter; indices p, r are different and fixed. As 
it was already mentioned, such a type of noncommutativity has been recovered in a Hopf 
algebraic framework in [33], [37] with use of the contraction procedure [IB], [4"3] . Its 
relativistic counterpart has been proposed in [41J. 

The commutation relations (fl4l) can be extended (in accordance with Jacobi identity) to 
the whole phase space as follows 

{Pi,Pj} = , {x il p j } = 5 ij . (15) 
In such a case the Hamilton equations ([5]) take the form 

Xi = t{pi p d kT - d iT d kp ) - 1 , pi = -—— (16) 

k ox k m OXi 

while the corresponding Newton equation looks as follows 

/re r r \ m d ( \ /re e e \ 771 ®V _ N 

mxi = t(d ip d kT - 6 iT 6 kp ) — — I — J + {d ip d kT - o iT d kp ) —— — . (17) 



4 In the case of quantum space the differential calculus is highly- nontrivial (see e.g. [SD], [SI]). Fortu- 
nately, for such a simple linear function like the potential (p~2|) (there is no products of spatial variables) 
the result of differentiation is classical. 
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For the simplest potential (|12p we hav^f] 

m 

< mx P = ~-Ft + f p (18 

m 

mx T = —F p + F T , 
I. K 

with index i different from p and r. 

By trivial integration one can find the following solution of the above system 



x i(t) = ^-t 2 + v io t + x i0 , x T (t) 
2m 



2m 



t + v rQ t + x r0 



x p (t) 



■—F T + F p ) _ 

-t +Vp t + XpQ 



2m 



(19) 
(20) 



where x a o and v a0 (a = k, I) denote initial positions and velocities, respectively. 

We see, that the noncommutativity ( [141) generates additional acceleration of particle 
in fixed directions p and r. In direction % the motion of particle remains undeformed. Of 
course, for k — > oo, the above solutions become classical and describe particle moving in 
external constant force F = [F iy F T , F p }. 

3.2 Space coordinates commuting to space 

Let us now turn to the case when two spatial directions commute to the spatial one^l 

{x k ,x^ } = \x t , {x u x 1 } = -\x k , {x k ,xi} = 0, (21) 

K K 

and where indices k, I, 7 are different and fixed. Such a type of noncommutativity has 
been proposed in the case of nonrelativistic symmetry in [35] as the translation sector 
of classical Poisson-Lie structure, and in [37J, as the Hopf module of quantum Galilei 
algebra. Its relativistic counterpart has been obtained in [41] . 

The corresponding phase space is given by the Poisson brackets (j2~T]) augmented by 

1 1 

{ p k , x 1 }= -pi , { pi, x y } = --p k , { x i} pj } = 8ij , 

K K 



5 Due to the fact, that in the equation l|18p there is no product of two spatial (noncommutative) 
positions and velocities, the considering equation is represented on commutative space by the formula 



(ri8|) as well. In other words, we can pass with Newton equation (fTS]) to the undeformed space without 
using any star product [37 (a Weyl map [52 ) . The same situation appears as well in the case of others 
considered deformations. 
6 \k] = N-s. 



5 



{X 7 ,p 7 } = 1 , {p a ,Pb} = , 

where indices i,j are different from 7 and a,b — 1, 2, 3. 

Using the formula (jSj) one can find the following equations of motion 

Pk 1 dV 1 dV dV 

Xk = h j Pfc = PiTi a—, 

m ac ax 7 k ox 7 oxk 

pi idv dv 1 ay 

^ = X k~x ' Pi = ~a Pfc-Q ' 

m ac ox 7 ax; k ox 1 



in fc, /-directions, and 



p 1 _ ldV_ ldV_ 

m AC OXk AC OX; 

ay 



Pi 



ax 7 



in 7-direction. 

The corresponding Newton equations can be find with use of (|22|) -( !25|) 



dV m d { dV\ 2m dV 

mx k = -- h Xi — — — + xi — h 

ax fc ac at \ox 7 J /c ax 7 



+ mxk 



1 \ 2 / dV x L> 



dV m d ( dV\ 2m dV 
mxi = — — Xfc — — — Xfc — h 

ax/ k dt \ ax 7 / k ax 7 



+ mx; - 



1 \V dV x 2 



dV m d ( dV \ m dV 
mx 7 = xi— — [—— )-xi— h 

ox 7 ac dt \oxk J ac OXk 

m d ( dV \ m dV 
+ ar*, — — [a-)+Xk — ^— , 

K dt \ OX\ J AC OX; 

and for the potential (fT2|) they look as follows 
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mx k 



mxi 



mx~ 



2rn (F~ 
F k —F y xi + m[-r- 



„ 2m „ /F 7 
Fi + —F^Xk + m 



(29) 



m 



f 7 + —Fm - —Fix k . 



K 



K 



We see, that this kind of space-time deformation generates velocity (F ~ x) and 
position-dependent (F ~ x) forces corresponding to both directions k and I. As it was 
mentioned in Introduction (see footnote 3), in the position dependent force we recognize 
well-known inverted oscillator force |46j. Besides, by direct calculations one can also check 
that the solution of above system is given by formulae 



Xk(t) 



xi(t) 



F k k 2 
F 2 m 



+ 



Fik F~Xiq \ r k 
t I — h v k0 H — + x k0 + 



F 7 m 
Fkk 



K 



FhK 2 



F 2 m 



F~£ 
■ cos | ) + 

K 



F^m 



/•'- X IM \ I'/ 

vio H — - xio + 



K 



Fk 2 



F 2 m 



sm 



F 7 t 



Fk 2 

F 2 m 



+ 



F k k F^Xko \ r/ 
+ vio — + Xiq + 



F 1 m 



K 



Fk 2 



F 2 m 



■ cos 



F 7 t 



+ 



Fik F-yXio \ r k 
t I — h v k0 H — + x k0 + 



F 7 m 



/v 



F 2 m 



sm 



F 7 t 



+ 



(30) 



(31) 



3/ sy iyt ^ 



— t 2 + v 07 £ + x 07 + t^(Fix k0 - F k xi ) + 
Jim hi 



+ 



+ 



2F 2 £ 2 2F 2 k 2 



F 7 m 



+ 



F 7 m 



+ 



, F 2 k 



+ 



F 7 m F 7 m 



+ Fv k0 - F k vio 



F k x k o ^ Fix io 



K 



K 



F k kv k p 
F 2 

7 



+ 



Fkvio .2 
F2 + -Er{Fix k0 - F k xi 0/ 
F 2 F 1 



F~£ 
sm | — r- I + 



K 



. i 1 (T? t? \ Fix k o F k xio 
t — {F k v k0 + FiVio) 1 — 



K 



K 



+ — 



1 ( 2Ffk 2 , Fkv k0 F k kvio 



F 2 m 



+ 



+ 2(F k x k0 + FiXiq) 



2F 2 k 2 
F^m 



cos 



+ 



F 7 t 



(32) 



where x a o and v a o (a = k, I) denote initial positions and velocities, respectively. The 
corresponding trajectories are illustrated on Figure 1 for different values of parameter 
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Figure 1: The illustration of particle trajectories for different values of parameter k (k = 
30) with nonzero value of m, F 1 and viq only. The dashed line corresponds to undeformed 
case (k — oo), and the time parameter runs from to ^jr 2 -. 

k. Their shape indicates that particle moves in 7-direction along vortex line with period 
T = ^p. Using the solutions (j30j)-(j52j) one can also check that distance between two 
neighboring rolls of vortex in (k,l)-plane is given by 

// Vmk Fhk?\ 2 ( Vhnk Fik?\ 2 , , 

4 - 2 1h + i-f>) + {*» + -t + wJ - (33) 

Besides, it should be noted that for both components Fk, Fi and all initial constants equal 
zero, the distance Ar vanishes, i.e. particle moves along straight line in 7-direction with 
constant acceleration a 7 = Of course, for parameter k = 00, the solutions (!30|) - (l32|) 
become undeformed and describe the motion of classical particle in constant force F. 

4 Quadratic noncommutativity 

Let us now consider the most complicated type of noncommutativity, i.e. the quadratic 
deformation of classical space [35] (see also [15]) 

{x k ,x 1 } = -txi , {x u x 1 } = --tx k , {x k ,X[} = 0, (34) 

re k 

with dimensionfull parameter k ([k] = N • s 2 ); indices k, I, 7 are different and fixed. Its 
relativistic counterpart has been proposed in [H] and [4"4"j . 
The remaining phase space relations are given by 

{p fc ,x 7 } = -tpi , {p/,x 7 } = -~tp k , {x h pj} = Sij , 



{X 7 ,p 7 } = 1 , {p a ,Pb} = , 



with i,j ^ 7 and a, 6 = 1, 2, 3. They satisfy the Jacobi identity together with ([3 
One can check that corresponding equations of motion take the form 

Pk IdV . IdV dV 
x k = h txi -—— , p k = tpi — , (35) 

m K OX-y K OX 1 OXk 

Pi IdV dV IdV 
xi = tx k -- — , pi = -- tp k - — , (36) 

m K OX^ OX\ K ux 1 

in k, /-directions, and 



p 1 



1 dV 



1 dV 



— -txi-- hte fc -— , p 7 

K OX " 



k dxi 



dV 

dx~, 



(37) 



in 7-direction. 

By direct calculation one can also find the corresponding Newton equations, which look 
as follows 



mxk 



mxi 



mx^ 



dV m d ( dV \ . . . m dV 
+ tx t — — ( — J + (2tx t + xt) — — + 



dx k 



dV 

dx. 



dV 



k dt \dx 



+ t x k 



k dx~ 



dV 



m d f dV 
k R dt \ dx^ 



+ rxi 



m d ( dV 
tx i —~n 



mn 2 V dx 



m dV 
{2tx k + x k ) — - \ 



1 ( dV 



niK 2 V dx 



k dt \ dxk 
m d ( dV 



. . . m dV 
[txi + xi) — h 

K OXk 



, , . . m dV 

+ tx k — — ^— J + [tx k + x k ) 

K dt \OXi J K OXi 



(3f 



(39) 



(40) 



Obviously, for the potential ( fl2l) the set of equations of motion takes the form 



mxk 



mx\ 



mi, 



m 

K 



1 

K 



F k - — F 7 ( xi - -F^t 2 x k ) ^F 7 txi 



2m 

K 



^ m „ f 1 „ \ 2m ^ 
F z + — F 7 x fe + -F 7 t 2 x ; + —F^tXk 



Tfl VCl 

F 1 + — F k (txi + xi) - — F t (tx k + x k ) 

K K 



(41) 



We see that as in the Lie-algebraic case, the quadratic noncommutativity generates the 
velocity and position-dependent forces, but this time, with time dependent coefficients 
linear and quadratic in time t. 
By direct calculation we get the solutions 

x k (t) = A k (t)cos(^pj -A l (t) am (^^j , (42) 

/ F t 2 \ ( F t 2 \ 

Xl (t) = A k (t) sin I -^-J +At(t) coa I , (43) 

F If 1 
x -r( f ) = tt 1 ^ + v -yot + x-io + ~ (zX[(z)F k - zx k (z)F t ) dz , (44) 
2m k Jq 



where the coefficients A k (t) and Ai(t) are given by 




and the functions C(z), S(z) are defined as follows 




The corresponding trajectories for different values of parameter R are illustrated on Figure 
2. Of course, for deformation parameter approaching infinity, the above solution becomes 
undeformed and describes the classical particle in a field of constant force. 



5 Final remarks 

In this article we investigate properties of simple classical system in the presence of three 
known noncommutative manifolds: canonical, Lie-algebraic and quadratic space-times. 
We indicate that there are no dynamical effects for soft type of deformation, while for 
the Lie-algebraic and quadratic noncommutativities there appear additional velocity and 
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Xl Xl Xl Xl 



Figure 2: The illustration of particle trajectories for different values of parameter k (k,q = 
30) with nonzero value of m, F 1 and vio only. The dashed line corresponds to undeformed 



case (k = oo), and the time parameter runs from to 2 




position-dependent forces. The solutions of corresponding Newton equations are provided 
and analyzed in this paper. 

The present studies can be extended in various way. First of all, one can consider 
more complicated system like the particle in a presence of well-known harmonic oscillator 
potential - see e.g. [5j. Unfortunately, due to the complicated form of the Newton 
equations fT26l) - (f28l) and (!38l) - P0l such question appears highly nontrivial and is postponed 
for subsequent investigations mainly. It is also interesting to consider basic quantum 
systems in noncommutative space as for example the particle in a hole potential, and find 
their spectra in the presence of all considered deformations (see e.g. [22] )• Finally, one can 
extend the presented studies to the case of deformed relativistic particle at the classical 
and quantum level (see [6], [9], [H]). The investigations in these directions already started 
and are in progress. 
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